INTRODUCTION
Cavitation relates to marine applications, pump designs, rockets, and a variety of other liquid flows. In general, this is an undesired physical process that is highly non-linear and strongly impacts performance. For these reasons, modeling cavitation using computational fluid dynamics (CFD) has become important for the design of complex systems. Because of this, maturing physically accurate models for cavitation remains useful.
In the context of CFD, there are various approaches to cavitation modeling. A common approach is based on a volume of fluids (VOF)-like approach, coupled with a model for the exchange from a liquid to vapor phase (evaporation) and vice versa (condensation). These models are commonly referred to as homogenous multiphase models [1, 2, 3, 4] . These approaches have all improved significantly in their reliability over the years, but still pose challenges in complexity, mesh requirements, and difficult-to-ascertain empirical factors. Such a model aims to directly conserve and transport vapor mass and uses source terms to model the evaporation and condensation processes. A vapor-mass conservation equation used is given by [1, 2] :
Here, ρ v is the vapor density, α v is the vapor volume fraction, and the source terms,ṁ evap andṁ cond , model evaporation and condensation rates, respectively. Additionally, u i and x i are the Cartesian velocity and directional components. When combined with a Navier-Stokes-based solver, via fluid properties, such an approach enables the modeling of cavitation. Cavitation modeling aims to approximate the source terms in the vapor conservation equation, i.e.,ṁ evap − m cond , and is an area that continues to progress. The initial efforts of Merkle [1] and Kunz [2] were more focused on numerics and developed heuristic models for cavitation. Later, the Rayleigh-Plesset Equation (RPE) was explored as a physics-based method to improve cavitation models. The RPE is a model that predicts nuclei growth, collapse, and the dynamics associated with it [5, 6] . The resulting nonliner, second-order ordinary differential equation is given as:
This model describes the dynamics of an isolated bubble with a radius R as it is exposed to a driving pressure, p. Some of the other quantities in this relation are the liquid fluid properties, i.e., kinematic viscosity (ν l ), density (ρ l ), and saturated vapor pressure (p v ). In addition, the nuclei properties such as its initial radius, R 0 , and pressure, p G0 , as well as the surface tension, S. This RPE is a physics-based model that gives accurate predictions of cavitation behavior.
In the context of Eulerian-based cavitation models, reduced forms of the RPE were explored in the efforts of Singhal et al. [4] , Sauer and Schnerr [3] , and Zwart et al. [7] . These models all aim to model evaporation and condensation processes using a reduced RPE. One issue with these models is that modeling evaporation and condensation processes are processes completely neglected in the RPE. Such a modeling discrepancy still remains within the Eulerian CFD models for cavitation. Alternatively, Lagrangian modeling efforts of the cavitation process also exist [8, 9] and do so without the aforementioned modeling mismatch. These Lagrangian efforts directly model the cavitation processes using RPE and do in fact predict nuclei growth and collapse. Despite their progress and improved physical accuracy, these Lagrangian models remain as an isolated branch of cavitation modeling from the Eulerian efforts. Some efforts seem to be moving to better include such cavitation dynamics as indicated by Wang and Brennen [10] for quasi-one-dimensional flows and Balu [11, 12] for flows without advection. In addition, recent work [13] evaluated traditional cavitation model formulations with respect to the RPE. In the evaluations, it was found that the present modeling approaches are all first-order representations of the cavitation and neglect several terms that lead to inaccuracy. In this work, we focus on exploring CFD cavitation models with respect to cavitation dynamics as described using by the RPE. The present efforts essentially push the understanding of CFD-based cavitation modeling to better incorporate bubble dynamics (from a growth and transport perspectives).
A second aspect of the paper intends to focus on the transport of the cavitation bubbles. Specifically, the accuracy of the homogenous model assumption is evaluated. This intends to address the issue of whether or not the velocity vector in Eqn. (1) should be the same for the bubble and liquid phases. This fundamental question, common to boiling flows, that to the authors' knowledge is yet to be addressed in the context of cavitation. Combining and utilizing these two approaches, we believe we are working to develop an improved cavitation model. The present paper is outlined as follows. The numerical methods and test cases used for the final assessments are presented. This is followed by a reformulation of the cavitation model and assessments of its accuracy with respect to the RPE for simple isolated bubble scenarios. Next, we present a two-fluid modeling approach for a cavitating flow with bubble slip with respect to the liquid. This is followed by a comparison of the various model formulations to evaluate the overall sensitivity of the effect of cavitation modeling and bubble slip. Lastly, the findings from these efforts are summarized with respect to future cavitation modeling.
NUMERICAL METHODS
The present study is developed in the context of the commercial CFD code, Star-CCM+ [14] . In this work, we use a two-fluid, Eulerian-based multiphase-modeling approach that aims to conserve phase mass through a volume-of-fluid-like formulation. The CFD model is based on a pressure-based, segregated-flow model that conserves mass and momentum of two different phases. For the liquid water phase, an incompressible model is used where the liquid properties are as follows: ρ l = 1000kg/m 3 , µ l = 0.001P a − s. The gas phase assumes an incompressible gas model with properties similar to air, i.e., ρ v = 1.2kg/m 3 , µ v = 1.85 × 10 − 5P a − s. Note that air properties are used as they are both similar to vapor and, as discussed through this work, cavitation involves mixtures of nuclei and vapor gas. Hence, the fluid properties relevant to cavitation models is not pure vapor and this assumption should not affect the accuracy of the model. Throughout this work, each phase consists of its own velocity vector. Note that the homogenous model is achieved using drag values that drive the slip to very low values. The numerical scheme is formally second-order accurate in space (upwind, finite volume) and time (backward difference). In terms of the turbulence, a Reynolds Averaged Navier-Stokes (RANS) turbulence model is used. The model is based on the Spalart-Allmaras turbulence model [15] . Note that the present analyses are independent of turbulence model and findings should extend to any turbulence model choice.
The numerical tests are performed using a generic, two-dimensional, test case. For this effort, a NACA 0012 was chosen. For the case considered, the model had a chord-based Reynolds number (
, of 2.5, and an angle of attack of 10 deg. The numerical mesh was developed using a hex-based, two-dimensional mesh generator internal to Star-CCM+ [14] . The mesh is depicted in Fig. 1 . In the left part of Fig. 1 , the full CFD domain is plotted. The far-field boundary conditions are roughly 10 chords lengths from the airfoil on all four sides. A picture of the CFD mesh near the airfoil is provided in the right part of Fig. 1 , where the prism layer can be observed. The mesh used in this effort uses an adaptive wall function and in this work, we use a mesh with a wall y + (i.e., the dimensionless wall spacing) of roughly 1.0 at the trailing edge, and has roughly thirty-two prism layers. Lastly, the mesh has roughly 300 points resolving the airfoil. Note that in studying bubbles in the context of a two-fluid model interacting with a wall will require further evaluation beyond the scope of the present effort [16] . In general, this mesh is reasonable for cavitation and is certainly sufficient for this purpose of this study. 
REFORMULATED CAVITATION MODEL

Cavitation Model Formulation
The first aspect of the present effort aims to improve cavitation modeling by more faithfully representing the RPE. In the context of a VOF-like formulation, the vapor mass conservation equation can be written as [1, 2] :
Note the source terms are now referred to as ρ v,ef f (S V,evap − S V,cond ), where S V,evap and S V,cond respectively represent the volume growth and shrinkage of nuclei. This form is preferred as the RPE is a volume change model and does not model phase change. The effective vapor density, ρ v,ef f , is introduced as an effective density of the vapor for which the momentum is based upon. In general, the true density cannot be used as cavitation is both compressible and composed of multiple gas species. To investigate improving cavitation models, we use a process that transforms from R to α v . Note that R is the radius of an isolated bubble and is the dependent parameter in the RPE. With the use of a physically-based input, i.e., bubble concentration, N b , there is a direct relation between volume fraction and bubble radius [13] , which is given as
Note that N b is described as the number of bubbles per unit volume. Similarly, the rate-of-change in volume fraction can be described (for an incompressible model) asα
Similarly, the second-rate-of-change in volume fraction can be described as
. (6) Such transformations enable cavitation models to be directly based on the RPE. Although there are many choices to incorporate RPE into CFD-based cavitation models [3, 4, 7, 8] , what the present effort aims to find are the key terms associated with the RPE with respect to CFD cavitation models. In the work of Kinzel et al [13] , analytic solutions of bubble dynamics from Brennen [17] are used as reference solutions. In the present work, the application of those analytic solutions is extended to provide an alternative basis for the formulation of a cavitation model. Here, the radial growth rate of a bubble is estimated using an analytic solution to the RPE with the assumption of a step change in the pressure, yielding [17] :
Note that in this model form, the viscosity term was neglected to arrive at this analytic solution [17] . In addition, in outside of nucleation and collapse events, R 0 << 1, surface tension is of lower importance, hence, the relation reduces tȯ
This analytic solution provides a RPE-based model that can help construct a physically-based cavitation model for bubble growth. In terms of the driving terms (in the root), present cavitation models are limited to the first term, i.e., (p v − p)/ρ l , and the remaining terms are neglected. When the model is converted into a source term, the following model is obtained
where the nucleation-site concentration is assumed to be constant and yields its associated constant as
Note that this is a model that is distinctly different than previous works [1, 2, 3, 4, 7] . Now consider the bubble collapse events. These models are then, similarly, modeled using a model for bubble collapse [17] given aṡ
Neglecting surface tension, this approach reduces tȯ
Then converting to CFD-variables, a model for the bubble growth can be obtained as
One last issue is the α v,max term, which is a time-historyrelated quantity that is not an algebraically computed value at a given point in the flow field. The challenge of this term arises as there is a time history associated with it and obtaining such a quantity is not well suited to CFD models without an auxiliary transport equation.
For the current state of the model, it is assumed that α v,max = 1.0, which implies that the collapse energy is based on the maximum bubble size available. Hence, the model is expected to be accurate when processed through a sheet cavity. However, in cloud cavitation, where volume fractions do not reach unity in CFD, the model will likely over-estimate the collapse rate in cloud cavitation. With this assumption, the model simplifies to
The resulting model provides a CFD model that represents the RPE in the same way as the approximate models do for the bubble dynamics. Prior to proceeding, it is important to list the underlying assumptions of this modeling approach. To the best of the authors' knowledge, these assumptions are as follows:
1. The underlying assumptions of the RPE are retained (i.e., spherical bubbles, no interaction with neighboring bubbles, no thermal cavitation) 2. Cavitation process relevant to CFD behave like groups of bubbles governed by RPE 3. The model breaks down as the vapor volume fraction approaches unity (i.e., sheet cavities), and the concept of subgrid-scale isolated bubbles it no longer valid 4. Constant nuclei distribution through the fluid domain 5. Cavitation collapse goes through a process of the largest nuclei growth possible.
Keeping these assumptions in mind, one goal of this effort is to develop a more physically accurate cavitation model.
Cavitation Model Senstivity
In this section, the sensitivity of various CFD cavitation models is evaluated against sensitivities in the RPE. This process is performed in the context of an ODE solution method [11, 12] to the RPE for an isolated bubble. In theory, the RPE will display sensitivities that are expected to be the most physical, hence, is used as the reference solution for evaluation of the CFDcavitation models. Note that for these cases, p g0 is the initial nuclei pressure and is given by p ∞ − p v + 2S/R 0 . Additionally, the viscosity is neglected, the specific gas ratio, γ, is 1.4, and the surface tension, S, is 0.073N/m. The test case is based on a bubble (of various radius) exposed to a pressure of 1 MPa (i.e., p ∞ ). The bubble is then exposed to a sharp drop in pressure (p low ) for a duration of 300µs, then gradually returns to p ∞ at 500µs as indicated in Fig. 2 (b) . Variations (outlined in Table  1 ) are explored that include variable initial bubble radius and the value of the low pressure the bubble is exposed to. The results are plotted in Fig. 2 . In Fig. 2 (a) , are comparisons of the various models to the reference RPE equation. The constants for the Singhal model is tuned to reasonably represent the RPE for this condition. The constants from the Kunz model are based on the Singhal constants and adapted based on the rules developed in Kinzel et al. [13] . The overall results indicate that, when the cavitation constants are correctly established, the Singhal and Kunz models replicate the RPE. Note that this is also expected to occur for the Sauer, Zwart and Merkle models. The result of Fig. 2 (a) is equivalent to establishing CFD-cavitation model constants for a single condition, and a test of the fidelity of the model is understanding how well the model extrapolates to other conditions. The next aspect of evaluating the cavitation models aims to understand the sensitivity of the model to changes in the empirical constants. This is assessed for the Singhal, Kunz, and Reformulated models in Fig. 3 . These evaluations are all performed for Case 1 conditions. Hence, the results from Fig. 2 (a) care co-plotted with corresponding results when the cavitation-model constants are increased and decreased by 20%. As indicated in the figure, for each cavitation model, the predictions change only a moderate amount. In Figs. 4-6, are evaluations of the cavitation constants for various conditions. In Fig. 4 , the same pressure (as in Case 1) is applied, however, the nuclei size is increased from an initial radius of 20µm to 40µm. Such a condition may represent a sensitivity to water quality such as water tunnel conditions as compared to seawater. The result of the plot clearly indicates that the Singhal and Kunz models have no sensitivity to this physical characteristic. However, the RPE and reformulated models both display sensitivities. These studies are further evaluated with respect the pressure. In Fig. 5 is a condition where the models are applied to condi- tions where the low-pressure event is only slightly below vapor pressure. As a cavitation model tends to drive cavitation based on a fraction of the cavitation number, i.e., σ v = (p v − p)/(1/2ρ l V 2 ∞ ), hence, the higher the speed, the lower the pressure gets. Such a sensitivity may correlate to a lower speed cavitation. The RPE model displays only a slight decrease in the resulting radius (when compared to Fig. 2 (a) ), whereas the Singhal and Kunz models tend to predict a much smaller cavitation event, hence, fail to predict this sensitivity. The reformulated model essentially reproduces the sensitivity of the RPE for this condition. In Fig. 6 , is a final comparison that evaluates nuclei cavitating at pressures higher than vapor pressure. In this case, the RPE clearly shows a cavitation will occur. However, the Singhal, Kunz, and reformulated models fail this test. Hence, despite improving the state of CFD-cavitation modeling, cavitation occurring above vapor pressure is not captured. Nevertheless, from an individual bubble perspective, the reformulated cavitation improves the state of the art in terms of replicating the RPE behavior.
An overview of the sensitivities evaluated is provided in Fig. 7 . This plot indicates the error in the resulting maximum diameter for each model, with respect to that predicted by the RPE. Recall that error in the first case indicates the error in the established model constants. The error in the remaining cases indicates an error in the ability to predict the same sensitivities as does RPE. In this plot, and for this test problem, it is clear the Singhal and Kunz models, both, require modification of the cavitation constants to capture these effects. The reformulated model appears to captures the sensitives quite well. And, none of the models capture the fourth case, where the low pressure remains above vapor pressure. 
Modeling Cavitation-Bubble/Liquid Slip
In the context of developed cavitation, most CFD is carried out using Eulerian continuum mixture (VOF-like) approaches. The second goal of this effort aims to directly evaluate homogeneous Eulerian approaches, where local mixture equilibrium assumptions are assumed (i.e., u i,v = u i,l; ). One evaluation approach to assumptions involves testing model sensitivities to including more physically accurate terms. In this work, a Eulerian multiphase model formulation of the unsteady, incompressible, RANS equations as developed and implemented in Star-CCM+ [14] are explored. The resulting multiphase model yields a unique velocity vector,V q , for each phase, q, at each computational point. Such a model bases mass conservation (in Cartesian-tensor notation) for each phase as
with ρ q , u i,q , and α q representing the density, velocity, and local volume fraction, respectively, of each phase q. Here, S q is the source that models cavitation, (i.e., S q = ρ v (S V,evap − S V,cond )). Note that for N-phases, the following volume conservation constraint is satisfied:
Momentum conservation for each phase (both gas and liquid) is expressed as
In this relation, F Hyd,j,q,p is the hydrodynamic-based momentum exchange occurring on phase q through hydrodynamic forces with the other phase, p. A realistic two-fluid model that captures slip demands a reasonable model of the drag behavior. Formulation of the drag force typically requires a drag model that is based on a normalized drag coefficient. The hydrodynamic force for such a model can be described as
The model for the momentum exchange coefficient, K j,q,p , is defined according to the content of vapor bubbles. The model form is described as
where the drag coefficient is given by the modified SchillerNaumann [18] model given as
Here, Re q,p is the Reynolds number based on the carrierfluid properties, slip velocity, and the size of the bubble, and is defined as
where
constant that is applied to account for bubbles. Lastly, the bubble diameter is the last unclosed parameter, which is estimated using spherical assumptions and is given as
Such a model is fully closed and provides a platform to evaluate the impact of the homogenous model for cavitation prediction. Before moving forward, it is worth a discussion of the two-fluid model drag model with respect to cavitation. In general, the larger value of c D , and lighter the fluid enables drives the model to conditions that are homogenous. In this work, and for consistency, a homogenous model is obtained by setting the bubble diameter to 1µm, essentially providing a large c D value that forces velocity equilibrium. With respect to the model that aims to capture slip, a model for the bubble drag is constructed. Presently available bubble drag models are not clearly applicable to cavitation [19, 20] . Specifically, the main dependency, gravity, is not directly applicable to cavitation. Hence, the current model modified the Schiller-Naumann model using a value of k B of 16/24, which is based on the efforts of Kay and Nedderman [21] of the drag behavior in the Stokes regime. This model is reasonable for this initial analysis but certainly, needs advancement moving forward.
Using the formulated two-fluid model, it is quite easy to expose the inherent weaknesses of a homogenous model for developed cavitation. For example, the simulation results plotted in Fig. 8 highlight the importance of slip using a two-fluid model (b) and (c) compared to a homogenous mixture model (a). In these results for a 2D developed cavitation over the NACA 0012 hydrofoil case previously discussed are examined with the Singhal [4] mass transfer model. Even for this simple model (single bubble field, drag only), significant differences are observed between the two, with normalized slip velocities reaching 70% adjacent to the re-entrant jet, and significantly more unsteady richness and cavity diffusion arising in the conventional homogenous model. Specifically, the driver of this slip is found to relate to high curvature and decreased interactional forces between the bubbles and liquid. As indicated in Fig. 9 , as the nuclei show to grow in size in part (a), they have a corresponding increase in Reynolds number (b) and decrease in drag coefficient (c). This scenario leads to decreased forcing on the bubbles, while simultaneously increasing the content. In Fig. 9 (d), are trajectories of the bubbles (black streamlines) as compared to the liquid (white streamlines). In comparing the streamlines, what we observe is that the bubbles reach the cavity terminus at a point when they have a corresponding low drag. Hence, the high curvature region leads to a scenario where the bubbles tend to have a high slip with respect to the liquid. This slip allows the bubbles to recirculate back into the cavity, leading to a more gas-rich cavity. In the homogenous model, where the bubbles are not allowed to have such slip, the liquid more effectively entrains the gas from the cavity. Hence, despite the simplicity of this model, and the obvious implications of neglecting vapor bubble dynamics, the homogenous assumption appears to an assumption that should be reconsidered.
DISCUSSION
Overall Impact of Model Reformulations
An overall comparison of the evaluated physical modeling changes is displayed in Fig. 10 . In Fig. 10 is an evaluation of the impact of the cavitation model (Singhal with respect to the reformulated) and the slippage of the cavitation bubbles. Note that these are all time-averaged plots of the vapor volume fraction. Fig. 10 (a) indicates the result from the Singhal cavitation model with a homogenous model. When compared to Fig. 10 (b) , which has the Singhal model with the two-fluid model, the impact of bubble slippage is observed. Note that the slippage leads to a tendency for the vapor to be sustained in the cavity leading to an increased vapor volume fraction. In comparing Fig. 10 (a) and (c) , where (c) has the reformulated-homogenous model, presents the impact of the reformulated cavitation model. This model is indicating a moderate impact to the cavity character, however, as observed in Figs. 2 to 5 , the impact of the reformulated cavitation model is most felt in the extending to other flow conditions (which is not directly evaluated in this plot). Finally, comparison of Fig. 10 (c) and (d) indicates the impact of the two-fluid modeling with the reformulated cavitation model. In this case, a dramatic impact to the predicted cavity is observed. The cause of this is not yet fully understood, but it likely relates to the reformulated cavitation model predicting larger bubbles with more slip that lead to additional dispersion of the cavity. The overall result of this study clearly suggests that cavitation modeling has several first-order sensitivities to improved physical modeling that require additional evaluations.
Cavitation Model Assumptions
At this point, it is worth revisiting the basic RPE assumptions with respect to the results for a cavitating flow around a hydrofoil. When cavitation occurs at high void fractions (i.e., α v > 0.05), many of the underlying assumptions break down. From Fig. 10 , this scenario is clearly the case throughout the cavity. In this such highgas-content regions, we fully expect (1) breakdown of isolated bubbles, (2) non-spherically symmetric bubbles, and (3) breakdown of the constant nuclei concentration. For these reasons, the accuracy of the reformulated model requires caution. From a physical viewpoint, the model form for groups of bubbles described in Brennen [17] has a similar model form as the RPE. In addition, it is expected that a non-spherical bubble will respond much like a spherical bubble. Hence, cavitation constants may be a suitable approach to correct such model discrepancies. Of more concern is the breakdown of the constant nuclei concentration. Specifically, when the cavity grows, the nuclei merge. In addition, during the collapse of a cavity, the cavity break-down process is very likely to modify the nuclei concentration (i.e., nuclei content is expected to increase through cavity-collapse events). Such non-linear events are not expected to be corrected with an empirical constant. Lastly, at some point in a cavitating flow, vapor extraction is expected to be of importance. Especially in stationary cavitation events where the cavity has time to generate vapor. Hence, there are a number of fundamental modeling issues in cavitation model that remain.
Perspectives on Cavitation Modeling
In these efforts, several modified perspectives relevant to CFD cavitation modeling are developed. The first perspective pertains to the common conception of mass transfer processes occurring in cavitation. As suggested in Brennen [17] , cavitation is dominated by gas expansion rather than mass transfer. For this reason, the cavitation modeling efforts should physically correspond to this and should consider departing from being modeled as boiling. Hence, rather than referring to the processes as mass transfer, we prefer to discuss them as volumetric source terms as follows:
Here, ρ * g is an effective density of the gas/vapor mixture that the model sees and need not correspond to the actual gas/vapor density (but should remain similar for momentum purposes). The modified volume fraction, α * g , should also represent the gas/vapor mixture and not just a mixture. Such a model is more consistent with both cavitation and basic RPE cavitation model formulation (herein as well as other cavitation models [1, 2, 3, 4, 7] ).
The aspect of modeling cavitation that needs to be considered is model formulation with respect to compressible and incompressible flows. Previous works (e.g. Kinzel et al. [22] and others) tend to use cavitation models developed and validated for incompressible flow. The reformulated model presented herein clearly indicates the importance of compressible terms. In the context of an incompressible code, these compressible terms are reasonably modeled. However, in the context of a compressible fluid flow, these terms certainly need to be removed (or partially removed). Such evaluations are critical to the future success of modeling compressible cavitation.
Lastly, cavitation with thermodynamic effects is also another concern. As stated throughout this effort, cavitation bubbles grow more from gas expansion than they do from phase change. When modeling thermodynamic effects, such as done by Kinzel et al. [22] and others, such factors are not accounted for. Hence, the modeling of thermodynamic effect with respect to cavitation needs to be revisited.
CONCLUSIONS
The present effort revisited cavitation modeling with respect to the RPE. Rather than reducing the RPE, the present approach directly utilized analytic solutions to the RPE. The efforts found several relevant terms tend to be missing in most CFD cavitation models. The effort displayed that the missed physics (in traditional CFD cavitation models) did not display the same physical sensitivities than those inherent to the RPE displayed. The reformulated cavitation model that considered these effects displayed the ability to better capture the RPE sensitivities. Hence, the model may provide a more increased fidelity to CFD cavitation models.
In addition to exploring cavitation model development, the concept of including the effect of slip between the cavitation bubbles and the liquid was evaluated. The present results clearly indicated a strong impact of slip to the transport, hence, character of the cavity. Specifically, it was observed that the cavitation bubbles tended to better sustain within the cavity. Such a model sensitivity indicates that bubble/liquid slip is likely a factor demanding large computational meshes for cavitation.
In addition to these evaluations, the overall effort of the paper yield several insights. The first insight is that cavitation modeling in CFD needs to reconsider the representation of the cavitation models. Cavitation is more of a process of gas expansion/contraction than evaporation/condensation, hence, referring as these terms as mass transfer terms are not consistent with the physical phenomenon. Second, these source terms are dominated by volumetric changes and are more of an underlying representation of underlying compressible effects. Because of this, special attention needs to be taken for compressible CFD modeling of cavitation. Lastly, the present state of thermal cavitation, especially, is exposed to issues when referring to volumetric growth as a mass transfer.
